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0. Introduction 

In 1974, Chern and Moser [CM] solved the biholomorphic equivalence problem 
for real-analytic hypersurfaces in C n+1 at Levi nondegenerate points. (The case 
n = 1 was considered and solved by E. Cartan [Cl-2].) They presented a complete 
set of biholomorphic invariants for such a hypersurface at a Levi nondegenerate 
point; by a complete set of invariants, we mean a set of invariants such that given 
two hypersurfaces M, M' C C n+1 with distinguished points po G M, p' G M', 
there is a biholomorphic transformation Z' = H(Z) near po such that H(M) C M' 
and H(po) = p' if and only if the set of invariants for M and M' are equal. The 
Chern-Moser invariants can in principle (there is an infinite number of invariants) 
be computed from the Chern-Moser normal form, which is a normal form for a 
Levi nondegenerate hypersurface M, defined in terms of the Levi form at po G M, 
such that the transformation to normal form is unique modulo a finite dimensional 
normalization. 

In the present paper, we introduce a new sequence of invariant tensors, V'a* V*3 • • • j 
for generic submanifolds of (Theorem 2.9), which can be viewed as higher order 
Levi forms. (Although the tensors are only introduced here in the context of generic 
submanifolds of C , it is clear that the definitions work equally well in general CR 
structures.) The second order tensor -02 coincides with the Levi map and the 
higher order tensors are related, as explained in §3 below, to the data of finite 
nondegeneracy, a notion which has recently proved very useful in the study of real 
submanifolds in (see e.g. [BER1-4], [BHR], [El-2]). The third order tensor is 
also related to the cubic form as introduced by Webster [W] (see Remark 4.17). 

As one of our main results (Theorem 1.1.28), we describe, using the second and 
third order tensors, a formal normal form (in the sense of Chern-Moser as described 
above) for a real smooth (meaning C°°) hypersurface M C C n+1 at a generic Levi 
degeneracy po G M, i.e. a point po at which the Levi determinant vanishes but 
its differential does not and the set of Levi degenerate points of M (which is then 
a smooth codimension one submanifold of M at po) is transverse to the Levi null 
space (which is then one dimensional) at that point. (We refer the reader to [W] 
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for further discussion of generic Levi degeneracies; for instance, a normal form for 
generic Levi degeneracies in C 2 under formal holomorphic contact transformations 
is given in [W].) In view of a convergence result due to the author, Baouendi, and 
Rothschild [BER3], the formal normal form in Theorem 1.1.28 provides a complete 
set of biholomorphic invariants if the hypersurface is also real-analytic (Corollary 
1.1.30). 

We then proceed to study the special case where the Levi form, at the generic 
Levi degeneracy, is semidefinite. In this situation, the normal form can be expressed 
in a particularly simple and explicit form (Theorem 1.2.5) by applying a result 
of E. Cartan. (The associated partial (third order) normal form is given with 
numerical invariants; in fact, an explicit partial normal form which is valid in 
a slightly more general setting is given in Theorem 1.2.10.) The corresponding 
explicit character of the normalization of the transformation to normal form makes 
it possible to compute bounds for the stability group of a real hypersurface at a 
generic semidefinite Levi degeneracy (Corollary 1.2.7). In the case n = 2, i.e. for 
hypersurfaces in C 3 , the results on normal forms in this paper are contained in the 
results of [El]. However, the invariant tensors introduced here shed additional light 
on some of the results from, and answers a question posed in, that paper. 

The paper is organized as follows. In the first section, §1.1, we present the 
normal form for a generic Levi degeneracy. In §1.2, we give the more explicit 
normal form in the special case where the Levi form at po is also semidefinite. 
We then turn to the more general situation of generic submanifolds in and 
introduce the CR invariant tensors. §3 is devoted to explaining the relation between 
the notion of finite nondegeneracy and the tensors of §2. In §4, we return to the 
case of hypersurfaces and show, as a preparation for the normal form, that the 
second and third order tensors form a complete set of third order invariants for a 
real hypersurface by relating these tensors to the defining equation of M. Then, 
we calculate, in §5, explicit numerical invariants associated with the third order 
tensor of a real hypersurface at a point where the Levi form has rank n — 1 and 
is semidefinite. §6-8 are devoted to the proofs of the results that give the normal 
form. 

Acknowledgments. The author would like to thank M. S. Baouendi, L. P. Roth- 
schild, and N. Wallach for valuable comments on a preliminary version of this 
paper. 

1. Normal forms for real hypersurfaces 
at generic levi degeneracies 

1.1. The general case. In this section, we shall present a normal form for a 
generic Levi degeneracy; the reader should recall the definition of generic Levi 
degeneracy from §0. In order to describe the normal form, we need first a partial 
(third order) normal form. We begin with some notation. 

We use the notation Ai (C m ) for the space ofmxm matrices with complex matrix 
elements and GL(C m ) for the group of invertible ones. We also write S(C m ) for the 
symmetric matrices in .M(C m ), i.e. those for which A = A T . (Here, A T denotes the 
transpose of A.) For nonnegative integers r and s such that r + s = m, we denote 
by U(r, s, C) the subgroup of GL(C m ) consisting of those matrices U for which 
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where 7 r>s G GL(C m ) is the diagonal matrix whose r first diagonal elements are +1 
and s last ones are —1, and U* denotes the Hermitian adjoint of U (i.e. U* = U T ). 
This group decomposes naturally as 

U(r,s,C) = U+(r,s,C)UU-(r,s,C), 

where U + (r, s, C) and U~(r, s,C) denote the set of matrices for which (1.1.1) 
holds with the + and — sign, respectively. Observe that U + (r, s, C) is a sub- 
group whereas U~(r, s,C) is not. Also, note that £/"~(m,0, C) is empty, and 
U (m, 0, C) = U + {m, 0, C) is the usual group U(C m ) of unitary matrices. 
Consider the action of the group R + x U(r, s, C) on S(C m ) given by 

(1.1.2) M + x U(r, s, C) 9 (a, £7) -> ( v / ^t/) T A( v ^t/) G 5(C m ), 

for A G S(C m ). We denote, for given A G S(C m ), by C r , s (A) C S(C m ) its orbit or 
conjugacy class under the group action (1.1.2), i.e. 

C r , a (A) = {s G S(C m ) : S = (vQ7) T A(v/^7), t/ G ?7(r, s, C), a > o} . 

These conjugacy classes form a disjoint partition of S(C m ). We have the following 
result, which is the first step in describing the normal form and whose proof will 
be given in §6. 

Proposition 1.1.3. Let M C C n+1 be a real smooth hypersurface. Assume that M 
has a generic Levi degeneracy at po G M. Denote by r, with (n — l)/2 < r < n — 1, 
the number of eigenvalues of the Levi form at po which have the same sign. (Also, 
write s = n — 1 — r.) Then, there exists a unique conjugacy class CV )S C S(C n ~ 1 ) 
and for each R G C r>s there are local holomorphic coordinates Z = (z, w) G C n x C, 
z = (z',z n ) G C n_2 x C, near po, vanishing at po, such that the defining equation 
of M is of the following form, 

r n—1 

(1.1.4) Im«; = ^|^'| 2 - \z k \ 2 +2Re(z fi ((z') T Rz' + (z n ) 2 ))+F(z, z,Re w), 

j=l k=r+l 

where F(z,z,Re w) denotes a smooth, real valued function which is 0(4) in the 
weighted coordinate system where z has weight one and w weight two. 

Let us briefly explain our usage of the notation 0(v), for nonnegative integers 
v, in Proposition 1.1.3. We assign the weight one to the variables z = (z',z n ) = 
(z 1 ,... ,z n_1 ,2 n ), the weight two to w, and say that a polynomial p v (z,w) is 
weighted homogeneous of degree v if, for alH > 0, 

(1.1.5) p u (tz,t 2 w) = t u p v {z,w). 

We shall write O(u) for a formal series involving only terms of weighted degree 
greater than or equal to v. We say that a smooth function defined near is 0{u) 
(at 0) if its Taylor series at is O(u). Similarly, we speak of weighted homogeneity 
of degree v and 0{y) for polynomials, power series, and functions in (z,z, Re w), 
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We shall now present a complete, formal, normal form for a generic Levi degen- 
eracy. Before stating the theorem, we need to define the space of normal forms and 
the normalization for the transformation to normal form. 

By Proposition 1.1.3, we may assume that M is defined near po = (0,0) by 
(1.1.4) for given, and fixed for the remainder of this section, integer r and matrix 
R G 5(C n_1 ). Since we shall present a formal normal form, we consider the defining 
equation (1.1.4) as a formal power series. It is well known (cf. [BJT] and [BR]; 
cf. also the forthcoming book [BER4]) that, after an additional formal change of 
coordinates at (0, 0) if necessary, we may also assume that F(z, 0, s) = P(0, z, s) = 
0; we shall say that the (formal) coordinates (z, w) are regular for M at po = 
(0, 0) if the (formal) defining equation for M at that point is of the form Imto = 
(f)(z, z, Re it?) with <f>(z, 0, s) = 0(0, z, s) = 0. We subject the (formal) hypersurface 
M to a formal invertible transformation 

(1.1.6) z = f(z, w) , w = g(z, w), 
where 

(1.1.7) / = (/', h = (I 1 , . . . , r~\ h, 

such that the form (1.1.4) is preserved. We shall also require that the coordinates 
(z, w) are regular for M, i.e. the remainder F(z, z, s) corresponding to the defining 
equation relative the coordinates (5, w) satisfies F(z, 0, s) = F(0, 5, s) = 0. 

Given a matrix A e S(C m ), we denote by A (C m ) the subgroup of GL(C m ) 
consisting of those matrices that preserve the bilinear form associated with A, i.e. 
B e A (C m ) if 

(1.1.8) B T AB = A. 

We have the following proposition whose proof will be given in §7. 

Proposition 1.1.9. A transformation (1.1.6) preserving regular coordinates also 
preserves the form (1.1.4), for a given integer r and R G S(C n ~ 1 ), if and only if 

f'(z, w) = Az' + wB+ -(B*Az')Az' + 0(3) 

c 

f n (z,w) =c 1/3 z n +0(2) 
g(z, w)=cw + 2i(B*Az')w + 0(4), 

where c G R\ {0}, B G C n_1 (considered as an (n — 1) x 1 matrix), and where A is 
such that A/\c\ 1/3 G Ofl(C n_1 ) and A*I r)S A = cI rjS (in particular then, A/\c\ 1/2 G 
U(r,s, C) ); As above, we use s = n — r — 1 . 

We shall consider formal mappings (1.1.6) of the following form 
(1.1.12) (f(z,w),g(z,w)) = (ToP)(z,w). 

Here, P(z,w) is a polynomial mapping, P = (P', P n , P n+1 ), 
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where p' = (p , . . . ,p n 1 ), p n , p n+1 are polynomials of the form 

p'(z, w) = Az' + wB + —(B*Az')Az' 

c 

(1.1.14) p n (z,w)=c 1 / 3 z n 

p n+1 (z, w)=cw + 2i(B*Az')w, 

where c, B, A are as in Proposition 1.1.9. The polynomials q' = (q 1 , . . . , g 71-1 ) and 
q n are weighted homogeneous of the forms 



q\z, w)=J2 4* J + E b a( Az T + cP ( Az ') 

(1.1.15) |J|=3 V<0 

q n (z,w) = d i z ^ 

|J|=2 

where (3 = 1, . . . , n — 1, cij, bj, dj G C, and c$ G R. We use here multi-index 
notation so that e.g. J = (Ji, . . . , J n ), \J\ = J2k Jk, an d z J = (z 1 )- 71 . . . (z n ) Jn . 
The notation (Az') 13 stands for the /3:th component of the vector Az' . T(z,w) in 
(1.1.12) is a formal mapping of the form 

(1.1.16) T{z, w) = (z + f{z, w),w + g{z, w)), 

where / = (f',f n ) = (/,... ,/ n_1 ,/ n ), and g are formal power series in (z,w) 
such that /' is 0(3), f n is 0(2), and g is 0(4). We shall also require that the 
formal series /', f n are such that the constant terms in the following formal series 
vanish 

Q2 f n Q3ff3 d 2fp Q2ff3 

(1-1-17) ~±r , ~±r ^ 



dz 1 ' dz J ' dz^dw ' dz a dw 1 

where 7 and J range over all the multi-indices with |/| = 2 and \J\ = 3, respectively, 
the index (3 runs over 1, . . . , n— 1, and a runs over 1, . . . , (3—1. It is straightforward, 
and left to the reader, to verify (using Proposition 1.1.9) that any formal mapping 
(1.1.6) that preserves the form (1.1.4) of M can be factored uniquely according to 
(1.1.12) with T and P as above. We shall say that a choice of P, as described 
above, is a choice of normalization for the transformations that preserve the form 
(1.1.4) and that a formal mapping preserving the form has this normalization if it 
is factored according to (1.1.12) with this P. 

Now, let F(z,z,s) be a formal series in (z,z,s). In what follows, we shall de- 
compose the formal series F(z, z, s) as follows, 

(1.1.18) F(z,z,s) = J2 F ki(z,z,s), 

k,l 

where Ff-i(z, z, s) is of type (k, I) i.e. for each t±, ti > 
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We shall consider only those F(z, z, s) which are 0(4) and which are "real" in the 
sense that 



(1.1.20) F k i(z,z,s) = Fi k (z,z,s). 

We shall denote by T the space of all such formal power series, and by Tu the 
space consisting of those which have type (k, I). In what follows, F^i, H^i, and Nki 
denote formal power series in Tu- 

In order to describe the space of normal forms, M C J 7 , we need a little more 
notation. Recall that the integer r and matrix R e iS(C n_1 ) from Proposition 1.1.3 
are fixed throughout this section. For u = (u 1 , . . . , -u n_1 ) and v = (v 1 , . . . , v n_1 ), 
we use the notation (•, •) for the bilinear form 



(1.1.21) (u,i;> = ^uV- uh 

3=1 k=r+l 



We denote by Pr(z) the quadratic polynomial 
(1.1.22) p R (z) = (z') T Rz' + (z n ) 2 . 

We use the notation V = (V',V n ) = (Vi,... , V n _i,V n ) for the holomorphic 
gradient 

d d 



V = 



dz 1 ' ' dz T 



and similarly for the anti- holomorphic gradient V. We shall need the linear operator 
Sr defined on formal series u = u(z, z, s) as follows 

(1.1.23) S R u = -(V,V)(p R u). 

Observe that Sr maps Fk-ij+i into Tki- Let us remark that the operator (V', V') 
is essentially the same as the contraction operator tr corresponding to the bilinear 
form (•, •) as defined in [CM]; they correspond to different normalizations for the 
monomials. 

We define the space of normal forms M C T for M of the form (1.1.4) with r 
and R as in Proposition 1.1.3 as follows. First, a formal series N(z, z, s) in M is in 
regular form which can be expressed by 

(1.1.24) N(z,z,s)= N ki(z,z,s); 

min(fe,/)>l 

thus, has no components of type (fc, /) with k = or / = 0. Moreover, the 
nonzero terms Nki satisfy the following conditions: 



(1.1.25) 



N 22 e A/" 22 , ^32 e A/32 
A r 42 e M2, ^33 e A^3 
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where 








(1.1.26) 


= {Fn 




€ ker <V', V') } 


Nn 


F n 


N22 


= {-^22 


F22 


/ / /\ <n ■ ri TT TT TT 1 / ■ if m 1 / \ "1 

= (z', z') z n z n H Q0 + H 22 , H 22 G ker (V, V) } 


N33 


= {-^33 


F32, 


= (z', z'f (z n H i + z^H i) + H 33 , H33 G ker ( V, V') 2 } 


N21 


= {^21 


F21 




N31 


= {^31 


F31 


G ker S R ] 


N 32 


= {-^32 


F32 


= (z', z'f z n H m + (z', z') H21 + H32, 






H32 


Gker<V / ,V / >, H 21 ekevp R (V), (V, V'> H 2 i e Im S R } 


iV 42 


= {^42 


F42 


= (z', z') z n H 30 + H 42 , H 42 G ker (V, V') , 






H30 


E kerV n }, 



and finally, for k > 4, 

(1.1.27) N kl = {F kl :F kl = z n H k0 , H k0 e kerV n } 

Observe that, for a series H k0 of type (/c, 0), the condition H k0 e ker V n is equivalent 
to the condition that H k0 is independent of z n , i.e. H k0 = H k0 (z' , s). 

We are now in a position to state the theorem on normal forms for a generic 
Levi degeneracy. 

Theorem 1.1.28. Let M be a smooth hypersurface in C n+1 given near G M 
by (1.1.4), where r and R are as in Proposition 1.1.3. Then, given any choice 
of normalization (i.e. a choice of P as described above), there is a unique formal 
transformation (1.1.6) with this normalization that transforms the defining equation 
(1.1.4) ofMatO to 

r n — 1 

(1.1.29) Im«; = ^|^| 2 - ^ \z k \ 2 + 2Re (z n {{z') T Rz' + (z n ) 2 )) 

j=l k=r+l 

+ N{z, z, Re w), 

where N(z, z, s) G J\f. 

The proof of Theorem 1.1.28 will be given in §8. We conclude this section by 
applying Theorem 1.1.28 to the biholomorphic equivalence problem. Suppose that 
(M,p ) and (M\p' ) are two germs of real-analytic hypersurfaces in C n+1 which 
have generic Levi degeneracies at po and p' , respectively. Thus, M and M' are, in 
particular, finitely nondegenerate (see §3) at their distinguished points po and p' . In 
view of [BER3, Theorem 2.6], any formal equivalence between (M, po) and (M',p' ) 
is then in fact biholomorphic. Hence, an immediate consequence of Theorem 1.1.28, 
as in [El], is the following. 

Corollary 1.1.30. Let M and M' be real-analytic hypersurfaces in C n+1 which 
have generic Levi degeneracies at po G M and p' G M' , respectively. Suppose that 
the integers r and conjugacy classes C r;S , given by Proposition 1.1.3, for M and M' 
at po and p' , respectively, coincide. Then (M, p ) and (M',p' ) are biholomorphi- 
cally equivalent if and only if, for any choice of R G C ryS and two (possibly different) 
choices of normalization as described in Theorem 1.1.28, (M, po) and (M',p' ) can 
be brought to the same normal form. 
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1.2. The semidefinite case. In Proposition 1.1.3, the partial normal form for 
a real hypersurface M at a generic Levi degeneracy po G M is given in terms of a 
conjugacy class C rjS in iS(C n_1 ). In order to obtain a more explicit partial normal 
form, we must distinguish a unique representative in each conjugacy class. In this 
paper, we shall only address this problem in the case where the Levi form at po is 
semidefinite, i.e. r = n — 1 and s = 0, in which case the group U(r, s,C) reduces 
to the unitary group U(C n ~ 1 ) and a lemma due to E. Cartan can be applied. The 
details are worked out in §5 below. We state here the corresponding normal forms, 
which follow from the results in §1.1 above and §5. 

Thus, we assume that M has a generic Levi degeneracy at po G M, and that the 
Levi form at that point is semidefinite (i.e. the integer r in Proposition 1.1.3 equals 
n-1). An immediate consequence of Theorem 5.8 (which in fact treats a slightly 
more general case; see Theorem 1.2.10 below) is that there are local holomorphic 
coordinates Z = (z, w) as in Proposition 1.1.3 such that M is given near p — (0, 0) 
by 

r n—l 

(1.2.1) lmw = J2\ zJ \ 2 ~ \z k \ 2 + 2Re(z n ((z') T A»-i(A)z' + (z n ) 2 )) 

3=1 k=r+l 

+ F(z, z, Re w), 

where F is as in Proposition 1.1.3, A = (Ai, . . . ,A n _i) is a uniquely determined 
vector with Ai > ... > A n _i > such that either Ai = 1 or X k = for k = 
1, . . .n — 1. We use here the notation D n _i(A) for the diagonal (n — 1) x (n — 1)- 
matrix with A on the diagonal, i.e. 



(1.2.2) £>n-i(A) = 



/Ai ... \ 
A 2 ... 



V ... A n _! / 

An inspection of the proof of Proposition 1.1.9 shows that the most general trans- 
formation of the form (1.1.6) preserving regular and the equation (1.2.1) is of the 
form 

f'(z, w) = c 1/2 Uz' + wB + 2i(B*Uz')Uz' + 0(3) 

(1.2.3) f n (z,w) = c 1/3 z n + 0(2) 

g(z, w) = cw + 2ic 1/2 (B*Uz')w + 0(4), 

where c > 0, B G C n_1 (considered as an (n - 1) x 1 matrix), and U G t/(C n_1 ), 
if A = 0, and 

f'(z, w) = Az +wB + 2i(B*Az')Az' + 0(3) 

(1.2.4) f n (z,w) =z n + 0(2) 

g(z, w)=w + 2i(B*Az')w + 0(4), 

where B G C n_1 (considered as an (n — 1) x 1 matrix), and A G U(C n ~ 1 ) n 
D _ l(A )(C ri - 1 ), if A ^ 0. (The group ^(C^ 1 ) n O d „_ i(A ) (C^ 1 ) is described in 
more detail in Lemma 5.24.) Using the corresponding factorization (1.1.12) and the 
the description of the space of normal forms M given in §1.1 with R = D n _i(A), 
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Theorem 1.2.5. Let M be a smooth hypersurface in C n+1 given near G M by 
(1.2.1), where X is the invariant (n — 1) -vector described above. Then, given any 
choice of normalization (i.e. a choice of P as described above), there is a unique 
formal transformation (1.1.6) with this normalization that transforms the defining 
equation (1.2.1) of M at to 



(1.2.6) Im w = \ zk \ 2 + 2Re ( ( Yl X k( zk ) 2 + (^) 2 J ) + N ( z i Re w ) 

k=i V \fe=i 




where N(z, z, s) G Af. 

Due to the explicit description of the normalization of the transformation to 
normal form, we can compute a bound on the dimension of the stability group 
Aut(M, pq) of a smooth hypersurface M C C n+1 at a generic semidefinite Levi 
degeneracy po G M. Recall that Aut(M, po) is the group of biholomorphic trans- 
formations near po that fix po and map M into itself. It is a real, finite dimensional 
Lie group in view of results from [BER3] (see also [Z] and [BER2] for results in the 
higher co dimensional case). 

Corollary 1.2.7. Let M C C n+1 be a smooth hypersurface which has a generic 
semidefinite Levi degeneracy at pq. Let X be the invariant appearing in (1.2.1). 
Then, the following hold. 

(a) IfX= (0, ... ,0), then 

. ,w x (n-l)n(n+l)(n + 2) ~ 

(1.2.8) dim M Aut(M,p ) < — L + 3n 2 -n + l. 

(b) If X = (1, A2, • • • , A n _i) with 1 > A2 > . . . > A n _i > 0, then we write 
(1, U2, • • • , Uk, 0) for the distinct values of (1, A2, • • • , A n _i) and denote by 
(mi, 777-2, • • • , "7fc) y) their multiplicities. (Thus, [i is the multiplicity of the 
value 0.) Then, 

x , . x (n ~ l)n(?7+ l)(n + 2) , 

(1.2.9) dim R Aut(M,p ) < — + 2n 2 + n - 1+ 

Emjinij — 1) 9 
L + V 2 - 



The bound in Corollary 1.2.7 is sharper than the bound that follows from the 
results in [BER2-3] . The latter bound grows like n 5 whereas the former grows like 
n 4 as 77 — > 00. The proof of Corollary 1.2.7 consists of counting the number of 
parameters in the normalization of the transformation to normal form and using 
the explicit representation of C/(C n_1 ) nO Dn l (\)(C n ~ 1 ) provided by Lemma 5.24. 
The details are left to the reader. 

Let us conclude this section by mentioning that Theorem 5.8 (in combination 
with Theorem 4.15) yields a partial (third order) normal form in a more general 
case than the one considered above. Indeed, as a consequence of Theorem 5.8, we 
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Theorem 1.2.10. Let M C C n+1 be a real smooth hypersurface and p G M. 
Suppose that the Levi form of M at po has rank n — 1 and is semidefinite, i.e. all 
nonzero eigenvalues of the Levi form have the same sign. Then, there are local 
holomorphic coordinates Z = (z, w) G C n x C near po, vanishing at po, such that 
the defining equation of M is of precisely one of the following forms. 

(i) For either A = (1, A2, . . . ,A n _2,0) with 1 > A2 > . . . > A n _2 > or 
A=(0,...,0), 

(1.2.11) Imw = J2\z k \ 2 + 2Re |V ^^X k (z k ) 2 + 2z n ~ 1 z^ +F(z,z,Rew). 

(ii) For either X = (1,A2, ... ,A n _2,A n _i) with 1 > A2 > . . . > A n _i > or 
A=(0,...,0), 

n-1 / n-1 \ 

(1.2.12) Im w = \ zk \ 2 + 2Re ( ^ Yl X k( zk ) 2 ) + F ( Z ' *i Re ">)• 

k=i V k=i J 

(iii) For either X = (1,A2,... ,A n _2,A n _i) with 1 > A2 > . . . > A n _i > or 
A=(0,...,0), 

(1.2.13) Im«; = ^|^| 2 + 2Re ^ X k {z k f + (z 71 ) 2 ^ +F(z,z,Rew). 



Above, F(z, z, Re w) denotes a smooth, real valued function which is 0(4) in the 
weighted coordinate system where z has weight one and w weight two. 

In the case n = 2, the same result holds with the following modifications: The 
only choice for X in (i) is X = 0. In (ii) and (iii), both A = 1 and A = are allowed. 

Before proving the results on normal forms presented in these two sections, we 
shall introduce a new sequence of invariant tensors. This will be done in the more 
general setting of generic submanifolds of C^. 



2. CR INVARIANT TENSORS 

Let M C C N be a real generic smooth submanifold of codimension d. Denote by 
T C M C TM the complex tangent bundle to M, by V = T 0,1 M C CT C M the CR 
bundle of M, by T°M C T*M the characteristic bundle, and by T'M C CT*M 
the bundle defined at each p G M as the annihilator of V p . We denote by n the CR 
dimension of M, i.e. n = N — d. We have the following for any p G M 

(2.1) dim M T p c M = 2n, dim c V p = n, dim R T p °M = d, dim c T^M = n + d. 

For a vector bundle E over M, we denote by C°°(M, E) the smooth sections of E. 
The reader is referred e.g. to [BER4] or [B] for the basics of CR structures. We 
shall consider only local properties of M near some point p. Hence, given a point 
p G M, we may, and we will, identify M with some small open neighborhood of p 
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For a CR vector field L on M, i.e. a smooth section of V, we define an operator 
Tl on the smooth 1-forms on M as follows, 

(2.2) T L u = ^Ljdu, 

where j denotes the usual contraction operator. We should point out here that we 
use the notation (•, •) for the pairing between r-covectors and r- vectors normalized 
in such a way that if e a and e^ 3 , a, (3 = 1, . . . m, are dual bases for an m-dimensional 
vector space V and its dual V*, respectively, then e Ql A ... A e ar , 1 < a± < . . . < 
a r < m, and e^ 1 A ... A e^ r , 1 < /?i < . . . < (3 r < m, are dual bases for A r (V) and 
A r {V*), respectively (see [St, Chapter 1.4]). This normalization is more convenient 
for our purposes than the one used in e.g. [H], which differs from the present one 
by the factor r!, and is identical to the one used in [B]. 

We shall refer to sections of T'M as (1, 0)-forms and denote by Q 1,0 (M) the space 
of smooth (1, 0)-forms on M. It is not difficult to see that T L : 1 -°(M) -> O 1 ' (M), 
for if ui G Q 1,0 (M) then, for any CR vector field K, we obtain, by using the well 
known identity (see [H, Chapter 1.2]), 

(2.2) (T L u, K) = (dw, LAK) = L((u,K))-K ({uj, L)) - (w, [L, K]) = 0, 

since a; is a section of T'M, which at each point p G M annihilates V p , and the CR 
bundle V is involutive (or, as it is also called, formally integrable). We shall use 
the notation C(M) C Q 1,0 (M) for for those smooth (l,0)-forms that are sections 
of T°M. The forms in C(M) will also be referred to as characteristic forms. 
Let p G M and let us define a sequence of increasing subspaces 

(2.3) E (p) C E 1 {p) C . . . C E k (p) C . . . C T' p M. 

as follows. Set E (p) = C ® T°M and let Ej(p), for j = 1,2,..., be the linear span 
of (1, 0)-covectors of the form 

(2.4) (T Ki ...T Kj 9) p , 

where the Kj range over all CR vector fields on M near p and 9 ranges over the 
smooth sections of T°M near p. The reason for putting a bar on the indices of CR 
vector fields is to be able to use the notation of tensor algebra in later sections; 
recall that the CR vector fields for an embedded CR submanifold are really anti- 
holomorphic vector fields. 

We shall see later that to compute the subspaces Ej(p) it suffices to take the 
linear span of the covectors (2.4) where the CR vector fields Kj range over the 
elements of any basis for the CR vector fields near p and the characteristic forms 
range over a basis for the smooth sections of T°M near p. We will also show 
that M is finitely nondegenerate (see below and also e.g. [BER4]) at p if and only 
Ek(p) = TpM for some k. The reader should also note that these subspaces are the 
same as, but differently indexed than, those defined in [E2] . The present definition 
is better suited for the purposes of this paper. 

Let us for a given integer k > denote by F k (p) C V p the subspace of those 
N p G V p that annihilate -E'fc(O), i.e. 
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Thus, for k = we have F Q (p) = V p . Let T k {M) C C°°(M,V) denote the space 
of those sections that take values in Fk(p) at p. Note that jF fc (M) is a C°°(M)- 
submodule of C°°(M, V). Consider the following diagram, for integers j > 1, 

j times 

b°°(M,V) x .1 x C°°(M,V) x^--i(M) x C(M) — C 

(2.6) e,| 

V p x . . . x V p xF 7 _i(p) x T°M 

N v ' 

j times 

where ej is the evaluation map at p and Gj is the mapping 

(2.7) (tfi, . . . , tfj, iV, 61) ^ (r Ki . . . T K3 e, N) p , 
We would like to have a multi-linear map 

(2.8) Vp x . . . x Vp xF,-_i(p) x T°M -> C 

N * ' 

j times 

that makes the diagram (2.6) commute. Such a multi-linear map would, by defini- 
tion, be an invariant of the CR structure (M, V) (and hence also a biholomorphic 
invariant for the generic submanifold M C at p G M). 
One of the main results is the following. 

Theorem 2.9. For each positive integer j , there exists a unique multi-linear map- 
ping (2.8) which makes the diagram (2.6) commute. The multi-linear mapping (2.8), 
for each j , is symmetric with respect to permutations of the first j variables. 

The multi-linear map ipj can also be identified with a tensor 
(2.10) Vi e V; (8) . . . (8) V; ®Fj_!(p)* ® (T p °M)*. 

N v ' 

j times 

Before proving Theorem 2.9, let us make a few remarks. 
Remark 2.11. 

(i) For j = 1 and a fixed characteristic covector # p e T®M, the Hermitian form 
Vp x Vp — > C defined by (L, K) i— > i/jq(L, K, 9 p ) coincides with the Levi form 
of M at the point p and the characteristic covector 9 P . 

(ii) As mentioned above and as will be proved below, M is finitely nondegen- 
erate at p if and only if E k (p) = T' V M for some k. If M is finitely non- 
degenerate at p, then it is called /c-nondegenerate at p if k is the smallest 
integer for which Ek(p) = T' V M. It follows that for a /c-nondegenerate CR 
manifold the tensors ipj, j > k + 1, are trivial, since Fj(p) = {0}. Hence, 
if e.g. M is a Levi nondegenerate hypersurface (which is the same as a 
1-nondegenerate hypersurface), then the only non-trivial invariant tensor 
produced by Theorem 2.9 is the Levi form of M at p. 

(iii) The invariant tensors provide obstructions for two generic submanifolds 
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points p G M, p' G M' . The submanifolds (M,p) and (M',p f ) cannot be 
biholomorhically equivalent unless dimFj(p) = dimFj(p') (with the obvious 
notation that corresponding object for M' are denoted with a ') and the 
tensors ipj and ipj are equivalent (i.e. there are bases in V p , V',, Fj(p), 
F'Ap'), T®M, and T°,M' such that the representations of ipj and ipj are 
equal) for each j = 1,2,.... The reader should note, however, that the 
tensors ipj do not provide a complete set of invariants in the sense that (M, p) 
and (M',p') are biholomorphically equivalent if all tensors are equivalent. 
This is illustrated e.g. by Theorem 1.1.28, since the normal form given in 
that theorem gives a complete set of invariants (by Corollary 1.1.30) and 
the invariants coming from the tensors only enter into the second and third 
order terms. 

Proof of Theorem 2.9. We claim that for the multi-linear mapping iftj in (2.8) such 
that the diagram (2.6) commutes to exist, it is necessary and sufficient that the 
following statements hold. 

(a) For any / G {1,2,..., j}, K' = (K lt ... t K T ) G (C7°°(M, V)) 1 , A,B e 
C°°(M,V), K" = {K- l+l ,...,K-) G (C°°(M, V)) J ' -i_1 , a,b G C°°(M), 
N G F{M), and 9 G C(M), the following identity holds 

(2.12) Gj{K',aA + bB,K",N,6) = 

a(p)G j (K', A, K" , N, 9) + b{p)G j {K', B, K" , N, 9). 

(b) For any K = (Ki, . . . , Kj) G (C°°(M,V)) J , a, b G C°°(M), A,B e F(M), 
and 9 G C(M), the following identity holds 

(2.13) Gj(K,aA + bB,6) = a{p)G j {K,A,9) + b{p)G j {K,B,6). 

(c) For any K = (Ki, . . . ,Kj) G (C°°(M,V)) J , N G F{M), a, b G C°°(M), 
£,r) G £(M), the following identity holds 

(2.14) (K, N, a£ + b V ) = a(p)G j (K, N, £) + b(p)G j (K, N, v ). 

Indeed, if the mapping ipj exists, then the statements (a), (b), and (c) follow im- 
mediately from the diagram (2.6). Conversely, if the statements (a), (b), and (c) 
hold, then the mapping tpj can be uniquely constructed as follows. Take Lj, . . . ,L n 
to be any basis for the CR vector fields near p, Ni, . . . , to be generators for 
!Fj-\{M) near p (it is easy to verify that jF fc (M) is finitely generated as a C°°(M)- 
module near p), and 9 1 , . . . ,9 d to be a basis for the characteristic forms near p. 
The restrictions of these sections to the point p span the corresponding vector space 
over C. We then define ^}j{L~ ix , ... , Lj , Nk, 9 l ) to be Gj(Lj x , ... , Lj , Nk,9 l ) and 
extend tpj by linearity. The statements (a), (b), and (c) guarantee that this defini- 
tion is independent of the bases and generators chosen and that the diagram (2.6) 
commutes. We leave the details of this verification to the reader. These arguments 
also show that the mapping ipj is unique whenever it exists. 

We begin by proving statement (a). Observe first that the mapping Gj is clearly 
multi-linear over C, so that 

(2.15) Gj(K',aA + bB,K",N,9) = 

ri Its' „ A is" at o\ i /~i Its' i. d ts" t\t n\ 



14 



PETER EBENFELT 



Hence, it suffices to prove that for any a and A as in statement (a) we have 

(2.16) Gj (K' , aA, K", N, 6) = a(p)G J (K' , A, K" , N,9). 

Note that, for any CR vector field L, any b G C°°(M), and any uj G 1 '°(M), we 
have 

T L (buj) = L_id(boo) = L_i(db A uj + bdu) 

(2.17) = (Ljdb)uj - (Ljuj)db + bT l uj 

= (Lb)uj + bT^uj, 

since Ljuj = (uj,L) = 0. A simple inductive argument using (2.17) proves that, for 
Ki, . . . , Kj, a, and A as in the statement (a) and ui as above, we have 

m 

(2.18) T Kl ... T Kl T aA u = aT Ki . . . T Kl T A oo + ^\ 

i=i 

where the a» G C°°(M) and the uj 1 are of the form 

(2.19) u l = T Sl ...T S - k u 

for some k < I and S? G {Ki, . . . , Kj, A}. Hence, for any iV G JF J _ 1 (M), we have, 
since I < j, 

(2.20) (T Kl . . . T Kl T aA u;, N) p = a(p) (T Kl . . . T Kl T A u, N) p , 

which proves (2.16) if we set to = 7kr r+I • • • 1~k-.0- 
Statement (b) is obvious, since we even have 

(2.21) (T K - . . . T K ,0, aA + bB)=a (T Kj . . . T K ,6, A) + b(T Ki ... T Kj 9, B) . 

Finally, statement (c) follows from an argument similar to the one used to prove 
(a) . We leave the details to the reader. 

To prove the symmetry properties, we first prove the following identity. 

Lemma 2.22. For any (1,0) -form uj, CR vector fields K, L, and any vector field 
X on M , the following holds 

(2.23) (T L T K u, X) - (T k T L u, X) = [L, K] (uj, X) + (uj, [X, [L, K]]) . 

Proof. For any (1, 0)-form uj' , CR vector field V , and any vector field X on M, we 
obtain, using a well known identity, 

(T l ,uj', X) = (duo', L'AX) = L' (uj', X)-X (uj' , L') - (uj' , [L' , X]) 
(2 ' 24) =L'(uj',X)-(uj',[L',X]), 

since (uj' , V) = 0. Similarly, we obtain 

/O OC^ IT T , . V\ r TS I. . V\ T I. . \ TS Vl\ TS I. . \T Vl\ /, . \ TS \T Vll\ 
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It follows that 

(2.26) (T L T K u, X) - (T k T L u, X) = [L, K] (u, X) + (u, [K, [L, X}} - [L, [K, X}}} . 
Now, using the Jacobi identity, we have 

(2.27) [K, [L, X]] - [L, [K, X]} = [K, [L, X]] + [X, [L, K]] + [K, [X, L]] = [X, [L, K]], 

which completes the proof. □ 

In particular, Lemma 2.22 implies that Tj, and T^, considered as linear maps 
on n 1,0 (M), commute if the CR vector fields L and K commute. It is well known 
that there exists a basis of CR vector fields on M near p that commute. Since this 
basis can be used in the construction of ipj, as described in the beginning of this 
proof, it follows that ipj is symmetric with respect to permutations of the j first 
variables. This completes the proof of Theorem 2.9. □ 

3. Finitely nondegenerate CR manifolds 

In this section, we relate the invariant tensors defined in section 2 to the notion 
of finite nondegeneracy. Let M C be a generic real smooth submanifold of 
codimension d, po a point in M, and let p(Z, Z) = 0, where p = (pi, . . . , pj), be a 
defining equation for M near po. Let Lj, . . . , L^, n = N — d, be a basis for the CR 
vector fields of M near po- M is called finitely nondegenerate at po if there exists a 
non-negative integer k such that 

(3.1) span \L J (jj^J (po,Po): V|J| < k, I = 1, 2, . . . , dj = C^, 

where we use the notation J = (Ji,... , Jk) G {1, . . . ,n} k , \J\ = k, and L J = 
Lj x . . .Lj . If M is finitely non-degenerate at po and is the smallest integer for 
which (3.1) holds, then M is called /c-nondegenerate at po- The property of being k- 
nondegenerate is independent of the choice of defining equations, local coordinates, 
and bases for the CR vector fields. Moreover, M is O-nondegenerate at p if and 
only if it is totally real at po, and if M is a hypersurface, then it is 1-nondegenerate 
at po if and only if it is Levi-nondegenerate. (See e.g. [BER1] or [BER4] for these 
statements.) 

Finite nondegeneracy was introduced in [BHR] in connection with a regularity 
problem for CR mappings of real hypersurfaces. It was further explored in con- 
nection with the study of holomorphic mappings between generic submanifolds and 
real hypersurfaces in [BER1-3]. Finite nondegeneracy is also related to holomorphic 
nondegeneracy as introduced in [SI] (see also [S2]) and essential finiteness as intro- 
duced in [BJT]. The reader is referred to the book [BER4] for further information 
and history. 

We prove here the following result. Recall from section 2 the definition of the 
subspaces Ej(po) C T' po M. 

Theorem 3.2. Let M C C N be a generic real submanifold and po G M. Then, M 
is k -nondegenerate at po if and only if Ek(po) = Tp Q M and Ek-i(po) C Tp o M. 

Before proving Theorem 3.2, we shall show that the space Ek(po) can be com- 
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Lj, . . . , L n be a basis for the CR vector fields on M near p 0: and 6* 1 , . . . , 9 d a basis 
for the characteristic forms near p . We shall use the notation T J = 7^ and, as 
above for J = (Ji, . . . , J^) G {1, 2, . . . , n} fc , we denote by 

(3.3) T J = T Jl o ...oT Jk . 

Proposition 3.4. For any nonnegative integer j , the following holds 

(3.5) Ejipo) = span {(T J 9 l ) Pt) : V| J| < j, I = 1, 2, . . . , d}. 

Proof. Observe that the right hand side of (3.5) is contained in Ej(po) for any 
nonnegative j. Let K\, . . . , Kj be arbitrary CR vector fields and 9 an arbitary 
characteristic form. Since Lj, . . . , and 6* 1 , . . . , 6> d form bases for the CR vector 
fields and the characteristic forms, respectively, near p , we have, for / = 1, . . . ,j, 

n d 

(3.6) K T =J2 a ? L m, = 5>0*, 

m=l j=l 

for some a™, hi G C°°(M). The fact that {Tr 1 ■ ■ ■ T~k--9) Po is contained in the right 
hand side of (3.5) now follows from (2.17) and (2.18)'. □ 

Proof of Theorem 3.2. For a generic submanifold M C with defining functions 
p = (pi, . . . , pa) near po G M, we may take 6> J = 2idpj, for j = 1, . . . , <i, as a 
basis for the characteristic forms near po. Observe that each 9^ is real on M, since 
dpj + dpj = when restricted to M. Let Lj, . . . , L n be a basis for the CR vector 
fields of M near po- In the coordinates Z of the ambient space, we may write 

N _ q 

(3-7) L k = J2 a l(Z,Z) Wr 

i=i 

and 

N rs 

(3.8) V = 2id Pj = 2iJ2^dZ l . 

Hence, using the notation of Proposition 3.4, we have 

(3-9) ^' = f>(feV- 



i=i 

Repeating this argument, we obtain 

N 



(3.10) ^ = E LJ (li)^ 



i=i 

-Jt 



Since we have (T J 9 J ) P0 G T^M and since the dimension of T^^M equals n + d = N, 

flip rrmrlii«irm nf TViprirpm 3 9 fnllnw« from Prnnn«itinn R A 
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4. The third order invariants and a partial 
normal form for real hypersurfaces 

We shall show that the second and third order tensors ip2, fp3 form a complete set 
of third order invariants (in a sense that will be made more precise in Theorem 4.15 
below) for real hypersurfaces. This will be the first step in the proof of Proposition 
1.1.3. 

Let M C C n+1 be a real smooth hypersurface. Let Lj, . . . , be a basis for 
the CR vector fields on M near some distinguished point p G M and 6 a non-zero 
characteristic form near p. Set L a = Denote by g&p the components of the 
tensor ifj 2 at p, which is just the Levi form of M at that point, relative to the bases 
of V p , L . . . , L U)P of Fq(p) — V p , and 9 P of T®M, i.e. 

(4-1) g^ = (T L J,Lp) p , 

for a, j3 = 1, . . . , n. A change of bases 

(4.2) Lj jP = b^L'^p, 6p = a0' p , 

where we use the usual summation convention to raise and lower indices, yields the 
transformation rule 

(4.3) g' &/3 = ablbfajv, 

where b 1 ^ = b%. By a suitable choice of bases above, we may assume that the Levi 
form of M at p is diagonal with diagonal elements in {—1, 0, 1}, i.e. 

(4.4) g^p = epdap, 
where d^p is the Kronecker symbol and 



(4.5) ep 



We shall assume here that r + s < n, so that M is Levi degenerate at p. (The rank 
of the Levi form at p is r + s.) Now, denote by h^ l p 1 the components of the third 
order tensor if^s at p, i.e. 



p 



1, 


p = 


1 r 


-1, 


p = 


r + 1, . . . ,r + s, 


o, 


(3 = 


r + s + 1, . . . ,ra. 



(4.6) ^ 7 = (r La r L ^,L 7 



where a, j3 = 1, . . . , n and 7 = r + s, . . . , n. We then obtain the transformation 
rule 

(4-7) h'^ = ablbfy»h-^ v . 

It is well known (and not difficult to see) that we may choose coordinates Z = 
(z, w) = (z 1 , . . . , z n , w) E C n+1 near p e M, vanishing at p, such that M is defined 
near p = by the equation p(Z, Z) = 0, where 

(A n(7, 7\ = -Tm in 4- a'- ?P -I- 9Rp ^ fc' = z"^^^ 4- z Rp 
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for some g'^, k'-^ v G C with a, f3, (3, v = 1, . . . , n; here, R'(z, z, s) is a real- valued 
function that vanishes to weighted order 4 at in the weighted coordinate system 
where z, z have weight one and s has weight two (or higher if the Levi form at p is 
0). For the embedded hypersurface defined by the function (4.8), we may take as 
a basis for the CR vector fields 

(4.9) L' s = J. + A a (Z,Z)A a=l,...,n, 

where Aq(0, 0) = 0. We refer the reader e.g. to [BER4, Chapter IV] for details. 
By taking 9' = 2idp and using (3.10), we find that the tensors ip 2 and ips at 
p = relative to the bases defined by L'^, L'p, and 9' are given by ip 2 = (g' a p) an d 
^3 = (^g 7 ) with 

(4.10) ti-p y = k'-fa, a, (3 = 1,... ,n, 7 = r + s + 1,... ,n. 

It follows that there is a change of basis (4.2) such that (4.3) and (4.7) (with 7 
running from r + s + 1 to n) hold. Such a change of bases corresponds to a linear 
change of coordinates of the form 

(4.11) z a ^ biz 13 , w^-w 

a 

in (4.8). Hence, the linear change of coordinates (4.11) transforms the defining 
function in (4.8) to the form 

(4.12) p(Z, Z) = -Im w + gapz^zP + 2Re (k^z^z^z^ 

+ 2Re (h^z^zPz^ + R(z, z, Re w), 

where a, (3, (3 run over 1, . . . ,n, \i runs over 1, . . . , r + s, 7 runs over r + s + 1, . . . ,n, 
and k^pfj, are some complex numbers. Next, since g^p is of the form (4.4) with ep 
of the form (4.5), we observe that the quadratic change of coordinates 



(4.13) ^_ e ^_-^a^^^ ; 

for ji = 1, . . . , r + s, yields the following final form of p(Z, Z) 

(4.14) p(Z, Z) = -Im w + g^z 13 + 2Re (h^z^zPz^ + R(z, z, Re w), 

where R(z, z, s) vanishes of weighted order 4 at 0, the indices a, (3, (3 run over 
1, . . . ,n, and the index 7 runs over r + s + 1, .. . ,n. We would like to point out 
that a similar form for a real hypersurface was presented by Webster in [W] (see 
also Remark 4.17 below). 

Hence, we have proved that ip2 and ips form a complete set of third order invari- 
ants for a real hypersurface M C C n+1 in the following sense. We use the notation 
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Theorem 4.15. Let M C C n+1 be a real smooth hypersurface andp G M . Assume 
that the signature of the Levi form of M at p is as described above. Then, there are 
coordinates Z = (z, w) G C n+1 , vanishing at p, such that M is defined near p = 
by p(Z, Z) = 0, where p(Z, Z) is given by (4.14) if and only if there is are bases 
Li p , . . . , Ln, P for V p , with the corresponding basis . . . , L UjP for V p , and 9 P for 
Tp M such that 

(4-16) ip 2 = (gap), ^3 = (hapj), 

with a, (3, (3 = 1, . . . , n and 7 = r + s + 1, . . . , n. 

Remark 4.17. In [W], the cubic form of a real hypersurface M C C n+1 at a point 
p G M was introduced and shown to be a multi-linear map V p x V p x — > C 
defined by 

(4.18) <z p (L p ,K p ,Ag = (a P ,[K,[L,iV]]> p , 

where L, K, and iV are vector fields extending L p ,K p G V p and N p G -Fi(p), 
respectively. A straightforward calculation, using the formula (2.24) repeatedly, 
shows the following relation between the cubic form and the tensor ip3(-, •, •, 9) (for 
some fixed 9 e.g. 9 = 2idp) 
(4.19) 

ML P , K p , A7 p , 9) - 2iq p (L p , K p , N p ) = {T L T K 9, N) p - (9, [K, [L, N]]) p 

= L((T K 9,N))+K((T L 9,N)) 
= -L((9, [K,N]))-K((e, [L,A7]». 

Nevertheless, the cubic form and ^(^ •> •> #) are in fact equal (possibly modulo some 
multiplicative constant). This equivalence follows from Theorem 4.15, because it is 
shown in [W] (using the notation introduced above) that M can be brought to the 
form (4.14) with 

i 

(4-20) q p (La, p ,Lp p ,Lry !P ) = -h a ^, 

where a, j3, 7 range over the same indices as in Theorem 4.15. (Thus, Theorem 4.15 
is in fact implicit in [W], although using the cubic form as the third order tensor.) 

5. An explicit computation of the 
third order tensor in a special case 

We shall keep the notation and conventions introduced in section 4. We would 
like to compute numerical invariants of the tensor ^3 = (h a ^) under changes of 
bases (4.2) preserving the form (4.4) of the second order tensor (the Levi form) 
4>2 = (gap)- We shall do this only in the following case, which is a bit more general 
than the situation considered in §1.2. 

We assume that the rank r + s of the Levi form ifj 2 at the point equals n — 1 
and that the Levi form is semidefinite. (Thus, we do not assume here that the Levi 
degeneracy is generic.) We may assume, without loss of generality, that the n — 1 
nonzero diagonal elements e±, . . . ,e n _i of g^p are +1. We can identify the third 



20 



PETER EBENFELT 



We associate to each change of basis in V p a matrix B G GL(C n ) by B = 
We only consider changes (4.2) that preserve the form of ip2, i.e. such that 

(5.1) a£J£* = 7, 

where B* denotes the Hermitian adjoint of B and I is the matrix of the Levi form, 
i.e. in block matrix form 



(5.2) I = 



In-l 





with I n -i = In-i,o being the (n — 1) x (n — 1) identity matrix. It is easy to see 
that (5.1) implies that B must be of the form 



(5.3) B 



V c 
d 



where c G C n 1 , d G C, and V is an (n — 1) x (n — l)-matrix related to a in (4.2) 
by 

(5.4) aW* = I n - 1 , 

i.e. a > and \faV is a unitary matrix. The transformation rule (4.7) for i/j^ 
becomes 

(5.5) H' = adBH B T , 

where B T denotes the transpose of B. 
Recall that, for a given (n — 1) -vector 



(5.6) A=(Ai,...,A 



n — 1 , 



we denote by D n _\ (A) the (n — l)x(n — 1) diagonal matrix with A on the diagonal 
(see (1.2.2)). We shall also use e T n _ x for the in — l)-vector 

(5.7) <_! = ((),..., 0,1). 

If n = 2, then we take e^_ x = 1. The main result in this section is the follow- 
ing, which combined with Theorem 4.15 gives Theorem 1.1.1. We use the matrix 
representations of the second and third order tensors as introduced above. 

Theorem 5.8. Let M C C n+1 , n > 2, be a smooth real hypersurface and p G M. 
Assume that the Levi form g^p of M at p has rank n — 1 and is semidefinite (i.e. 
all nonzero eigenvalues have the same sign). If we normalize the Levi form g^p so 
that its matrix is in the form (5.2), then the matrix H = (h^p n ) of the third order 
tensor can be brought to precisely one of the following block matrix forms: 

(i) For either A = (1,A2, ... ,A n _2,0) with 1 > A2 > . . . > A n _2 > or 
A=(0,...,0), 



(5.9) 



H' = ( Dn ~ 1 ^ en ~ x \ 



INVARIANT TENSORS AND NORMAL FORMS 



21 



(ii) For either A = (1, A2, • • • , A n _2, A n _i) with 1 > A2 > . . . > A n _i > or 
A=(0,...,0), 

(5.10) H i = (Dn-x{\) O^J 

(iii) For either A = (1,A2, ... ,A n _2,A n _i) with 1 > A2 > . . . > A n _i > or 
A=(0 0), 

(5.11) ^(A-UA) 0j_ 

in the case n = 2, the same result holds with the following modifications: The only 
choice for A in (i) is A = 0. in (ii) and (iii), 6ot/i A = 1 and A = are allowed. 

Remark 5.12. 

(a) Note that in the case n = 2, i.e. in C 3 , there are only 5 different forms 
for H' and no numerical invariants A (i.e. A is only 1 or 0). These 5 forms 
correspond to the 4 different partial normal forms of type (i) in [El, Theorem 
A] and the case which is not 2-nondegenerate at p (see (b) below). We 
should point out that the partial normal form of type (ii) in [El, Theorem 
A] corresponds to an explicit normal form for the third order tensor of a 
hypersurface in C 3 at a point p where the Levi form vanishes. In this case, 
there are nontrivial numerical invariant. 

(b) The only case that corresponds to a hypersurface M C C n+1 which is not 
2-nondegenerate at p G M is (ii) with A = (0, . . . , 0), i.e. H' = 0. 

Proof of Theorem 5.8. We assume first that n > 2. We write the symmetric n x n- 
matrix H in block matrix form 

(5-13) 

where A is symmetric (n — 1) x (n — l)-matrix, (3 G C n , and 7 G C. By making a 
change of bases (4.2) preserving the form of g a p, i.e. the matrix B is of the form 
(5.3) and satisfies (5.4), the matrix H transforms according to the rule (5.5). A 
computation shows that 

^141 H>- n j(VAV r + Vpc r + cp r V r + >y C c r d(V(3 + 7 c)\ 
(5.14) H -ad^ d(^ V T + , fC T ) 1( f y 

We shall divide the proof into different cases. 
The case 7 = and f3 7^ 0. We have 

, jfVAVT + VPcT + cFVT dV(3\ 
(5-15) H =ad^ dpryT Q y 

Let us look for V in the form V = V 2 Vi, where V\ is a unitary matrix such that 

/c 1 a\ tt" a \ a\ „ 
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with e n _i as defined by (5.7). If we write A' = ViAV{ , then we have 

(5.17) Rl = ad (V 2 A'VJ + \(3\V 2 e n - lC T ^^cel^l \(3\dV 2 e n ^\ _ 

If we introduce the vector 

(5.18) p = aVJc 

and use the fact that aV^V^* = I n -i, then the upper left corner of H' in (5.17) can 
be written 

(5.19) V 2 (A' + \(3\(e n - 1 p T +pe T n _ 1 ))V 2 \ 

It is easy to check that p G C n_1 can be chosen uniquely (which means that c is 
determined uniquely as a function of Vi and a) such that A' + \(3\(e n -ip T +pe q n _ 1 ) 
takes the form 

(5-20) A' + \0\(e n -W T + pe^) = °) ' 

where i? is some symmetric (n — 1) x (n — l)-matrix. If we write V = \faV-2i then 
it remains to choose a unitary matrix V, a positive number y/a, and a complex 
(nonzero) number d so as to normalize the matrix and vector 

(5.21) dV^ ° Q ^V\ ^{dflPlVe^. 

The most general unitary matrix V satisfying Ve n -i = e n _i is of the form 

(5.22) V = 
where F is a unitary (n — 2) x (n — 2) -matrix. For such a we get 

( ,23, v(i ° y-( F T 

At this point we need the following lemma, which is a consequence of E. Car- 
tan's work on Lie groups (see [Wa] for a discussion; see also [Si] for the lemma 
in the present form). We denote by U(C m ) = U + (m, 0, C) the group of unitary 
transformations in C m . We also denote by 0(W n ) the group of (real) orthogonal 
transformations in W m . 

Lemma 5.24. Let E be a symmetric m x m-matrix with complex matrix elements. 
Then, there is a unique m-vector A = (Ai, . . . , A m ) with Ai > . . . > A m > such 
that 

Ir. OC\ TTTPTTT n I \\ 



F 
1 
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( 01 



























o k 





V o 








V J 



for some U G U(C m ). In fact, the numbers Xj are the eigenvalues of the positive 
semidefinite Hermitian matrix EE. Moreover, if X is given as above, and we write 
(ui, . . . , Uk, 0) for the distinct values of (Ai, . . . , A m ) and (mi, . . . , m^, y) for their 
multiplicities (e.g. \x denotes the number of zeros among the Xj), then the subgroup 
ofU E U(C m ) for which 

(5.26) UD m (X)U T = D m (X) 

consists of all matrices of the form 



(5.27) U = 



where Oj G 0(IR m -?), j = 1, . . . , k, and V G £/"(C M ). (Observe that \i could be zero 
in which case there is no V in (5.27).) 

Now, if we choose V as in (5.22) with F chosen such that FEF T = D n -2(X') 
for some (n — 2)-vector A', and then sfa > and d G C \ {0} suitably, we obtain 
H' of the form described by (i) in Theorem 5.8. Also, the vector A, as described 
in Theorem 5.8 (i), is uniqely determined and it is clear from the arguments above 
that H' cannot be brought to any of the other forms (ii) or (iii). This concludes 
the case 7 = and (3 ^ 0. 

The case 7 = and (3 = 0. In this case, it is clear from Lemma 5.24 that H' can 
be brought to the form (ii) (and none of the forms (i) or (iii)) with A, as described 
in Theorem 5.8 (ii), uniquely determined. 

The case 7 7^ 0. It is clear from (5.14) that we can make the upper right and 
lower left corner of H' vanish by choosing 

(5.28) c = --V[3. 

7 

If we bring the factor ad inside the matrix in (5.14) then, with V = \faV as above, 
the upper left and lower right corner of H', respectively, become 

(5.29) dV (^A - ^Pf3 T ^J y\ add 2 -?. 
The equation 

(5.30) add 2 ^ = 1 

determines the argument of d G C uniquely. It also determines the modulus of d 
uniquely as a function of a > by 

Substituting this into the expression for the upper left corner in (5.29) and using 
Lemma 5.24, we deduce that H can be brought to the form (iii) (and none of the 
forms (i) or (ii)) with A, as described by Theorem 5.8 (iii), uniquely determined. 
This concludes the case 7 7^ 0. 

Now, if n = 2, then a similar, but simpler, argument leads to the statement 

rnnrliirlincr TVi<=>nr<=>m R 8 i 
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6. Proof of Proposition 1.1.3 

We shall keep the notation of §4-5. Recall that the hypersurface M is assumed 
to have a generic Levi degeneracy at po at which point the Levi form has r, with 
(n — l)/2 < r < n — 1, eigenvalues of the same sign. Thus, we may assume that 
the matrix (gap) of the Levi form at po equals I rjS , where I r , s is as in §1.1 and 
s = n — 1 — r. In view of Theorem 4.15, we must show that the matrix H = (h a g n ) 
of the third order tensor can be brought, by a change of basis (4.2) preserving the 
Levi form (gap) = Ir, s , to the form 

' R 
1 



(6.1) H 



for some R G S(C n 1 ), and that, under additional such changes that also preserve 
the form (6.1) of H, the matrix R transforms according to the rule 

(6.2) R' = (cV) T R(cV), 

where c > and V G U(r, s, C) can be chosen arbitrarily. The most general change 
(4.2) preserving the Levi form g a p corresponds to a matrix B as in (5.3) with 
c G C n_1 , d G C, and e U(r, s,C) such that aVI rjS V* = I r , s . If we write 

H in the form (5.13), then the fact that M has a generic Levi degeneracy at po is 
expressed by 7 7^ 0, as can be verified by a straightforward calculation (cf. also 
[W]). An inspection of the case 7 7^ in the proof of Theorem 5.8 above shows that 
H can indeed be brought to the form (5.32) and R transforms according to the rule 
(6.2), as desired. This completes the proof of Proposition 1.1.3. □ 

7. Proof of Proposition 1.1.9 
We shall use the notation introduced in §1.1. Consider a transformation 

(7.1) (z\ z n , w) = (f(z, w), f n (z, w), ~g(z, w)), 

where (/', f n ,g) is of the form (for convenience, we drop the~on the variables) 
f'(z, w) = Az' + z n D + wB + z T Ez + 0(3), 

(7.2) f n {z, w) = K T z' + d n z n + 0(2), 

g(z, w)=cw + 2i (A'z' + z n D, B) w + 0(4), 

where A G OL(C n " 1 ), D,B,K G C n_1 (considered as (n - 1) x 1 matrices), E = 
(-E ,/3 )i</3<n-i is an ( n — 1) -vector ofnxn matrices, d n G C\ {0}, and cGl\ {0}. 
This is the most general form of a transformation that preserves regular coordinates 
(cf. [El, §5-6]). If we write the formal defining equation of M in the (regular) 
coordinates (z,w) in complex form (cf. [BER4] or [El]), i.e. 

(7.3) w = Q(z,z,w), 

where Q(z,0,w) = Q(0,z,w) = w, then we obtain, by substituting in (1.1.4) and 
setting w = 0, 

((Az' + z n D B) \ ( 
1 + 2i± '—L j Q( z , z, 0) = 2i I (Az' + z n D, Az' + z n D) + 

(B, Az' + z n D) Q(z, z, 0) + (z T Ez, Az' + z n D) + 

(K T z' + d n z n )p R (Az' + z n D, K T z' + d n z n )) + . . . , 
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where (•, •) and p R are defined by (1.1.21) and (1.1.22), and where the dots ... 
signify terms that are either 0(4) or of type (k, I) with / > 1. If the transformation 
is to preserve the form (1.1.4), then we must have (cf. [El, §5]) 

(7.5) Q(z, z, 0) = 2i((z', z!) + 2Re (z n p R (z\ z n )) + 0(4). 
By identifying terms of type (1, 1), we deduce that D = and 

(7.6) (Az',Az') = c{z',z'). 

Observe that (7.6) is equivalent to A*I r ^ s A = cI T)S . Identifying terms of type (2, 1) 
and using (1.1.22), we also see that K = and 

( dndi _ l 



(7.7) 



c 

d. 



(A) T RA = R 
c 

'z T Ez, Az') = ^ (Az', B) (Az', Az') . 



The conclusion of Proposition 1.1.19 is now easy to verify. This completes the 
proof. □ 

8. Proof of Theorem 1.1.28 

The proof follows closely the proof of Theorem B in [El], which in turn was 
inspired by the work in [CM]. The idea is to reduce the proof to a problem of 
describing the kernel and range of a certain linear operator. We shall use the 
notation introduced in §1.1. 

We write the (formal) defining equation (1.1.4) of M in the form 

(8.1) Imw = (z', z') + 2Re {z n p R {z)) + F(z, z, Re w), 

where (•,•) is given by (1.1.21), pr(z) by (1.1.22), and F(z, z, s) is a formal series 
in T as introduced in §1.1. We subject M to a formal transformation 

(8.2) z = f(z,w), w = g(z,w), 

where / = (/', f n ) = (f 1 , . . . , f n ~ 1 , f n ), which preserves the form of M modulo 
terms of weighted degree at least 4, i.e. the transformed hypersurface M is given 
by a defining equation of the form 

(8.3) Imw = (z\ z') + 2Re {z n p R {z)) + F(z, I, Re w), 

where F(z', z', s') is in T . We also require that the new coordinates are regular for 
M. Thus, / and g are subjected to the restrictions imposed by Proposition 1.1.9. 
As mentioned in §1, the most general transformation of this kind can be factored 
uniquely as 

/O A\ t£t„ -7.1 ~ „..\\ _ <<T\ „ TIM ~ 
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where P and T are as described in that section. 

To prove Theorem 1.1.28, it suffices to prove that there is a unique transformation 

(8.5) T(z,w) = (f(z,w),g(z,w)) = (z + f(z,w),w + g(z,w)), 

where / = (/', f n ) = (/*, . . . , / n_1 , / n ), to normal form (i.e. such that the trans- 
formed hypersurface M is defined by (8.3) with F E J\f) such that /' is 0(3), f n 
is 0(2), g is 0(4), and such that the constant terms in the formal series (1.1.17) 
vanish. We decompose (,/', / n , g), F, and F into weighted homogeneous parts as 
follows 

oo oo oo 

f'(z t w) = ^2fi(z,w), f n (z,w) = ^2ff(z,w) , g{z,w) = ^g v {z,w) 

v=3 v=1 v=A 

oo oo 

F(z,z,s) = ^F u (z,z,s) , F(z,z,s) = ^2f u (z,z,s). 

Recall here that z and z are assigned the weight one, w and s are assigned the 
weight two, and we say that e.g. F u (z, z, s) is weighted homogeneous of degree v if 
for alH > 

F v (tz, tz, t 2 s) = t v F v (z, z, s). 
The formal power series F, F e T are related as follows 



(8.6) Im g{z,s + i(/>) = ( f\z, s + i<f>), f\z, s + icj>)) + 



2Re s + i(f>)p R (f(z, s + z0))J +F(f(z, s+i<f>)J(z, s-i<f>), Re g(z, s+i<f>)), 

where 

(8.7) = <j)(z, z, s) = (z', z) + 2Re (z n p R (z, z)) + F(z, z, s). 

Identifying terms of weighted degree v > 4 we obtain 



8) F v + 1mg v = {z',fl_ 1 ) + (fi_ 1 ,z , ) + 



(P~R + 2z n z n )f?-2 + (PR + 1z n z n )tt-2 + Fv + 

where 

F v = F v {z,z,s), F v = F u (z,z,s + i{z',z')) 

(8.9) 



fl-i = fL-i(z,8-i{z' t z')), f v _ x = fl_ 1 {z,s + i{z',z')) , etc, 

and where the dots . . . signify terms that only involve F M , F' , g^, and fj}_ 2 

for ji < v. We can write this as 

(8.10) Re [ig v + 2 {f' v _^ z') + 2(m + 2z n z fi )f^_ 2 ) = F u — F' v + .. . . 

Let us define the linear operator 

/oii\ r / fi tn „\ r>„ / • i o/-P' ~'\ i — i o~n-n\ tn\\ 
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from the space Q to the space J 7 , where Q denotes the space of formal power series 
(in (z, w)) transformations (/', / n , g) such that /' is 0(3), f n is 0(2), and g is 0(4). 
Observe that L maps fff-i->9v) to a series that is weighted homogeneous of 

degree v. We note, as in [El] and [CM], that if we could find subspaces 

(8.12) G cG, AfdJ 7 
such that, for any F G J 7 , the equation 

(8.13) L(f'J n ,g) = F mod Af 

has a unique solution (/', f n ,g) G Go then, given any F' G J 7 , the equation (8.10) 
would allow us to inductively determine the weighted homogeneous parts F u of a 
normal form F G Af and the weighted homogeneous parts {fl-i, f„-2, 9v) of the 
transformation (/', / n , g) G Go to normal form in a unique fashion. (This can also 
be formulated as saying that Go and Af are complementary subspaces of the kernel 
and range of L, respectively). 

Let us therefore define Go C Q as those (/', f n ,g) G £ for which the constant 
terms in the series (1.1.17) vanish. Thus, the proof of Theorem 1.1.28 will be 
completed by proving the following. 

Lemma 8.14. Let Go C G be as described above and Af C T as defined in §1. 
Then, for any F G J 7 , the equation 

(8.15) L(f'J n ,g) = F mod Af 
has a unique solution (/', f n ,g) G Go. 

Proof. We shall decompose the equation (8.15) according to (k, /)-type. We decom- 
pose F G J 7 as follows 

(8.16) F(z,z,s) = ^2F kl (z,z t 8), 

k,l 

where each F^l G Tu, i-e. each Fki is in T and of type (k, I). We also decompose 
(/', f n ,g)eG as follows (p=l,...,n) 

(8.17) /*(*,«;) = (/(z, «;) = ^ </ fc (z, «;), 

k k 

where f^(z,w), gk(z,w) are homogeneous of degree k in z, e.g. 

(8.18) ^ fc (^,tw) =t k g k (z,w), t>0. 

The reader should observe that this redefines e.g. gk{z,w) which, previously, de- 
noted the weighted homogeneous part of degree k in g(z,w). However, in what 
follows we shall not need the decomposition into weighted homogeneous terms and, 
hence, the above notation should cause no confusion; for the remainder of this sec- 
tion, e.g. gk(z,w) means the part of g(z,w) which is homogeneous of degree k in 
z, etc. For brevity, we use the following notation 

(8.191 f...(z.iii\ = ^-(z.in\ f... m (z.iii\ = ?—L(z.iii\ 
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We will use the fact 



(8.20) f(z,s + i (z f , :')) Yl (*« *) " ' ' ] 



mi 

m 



We shall identify terms of type (k, I) in (8.15). Since the equation is real, it suffices 
to consider types where k > I. Also, note that for (k, I) such that Mki = Fki the 
equation (8.15) is trivially satisfied. 



In what follows, we use the notation 



F k i = F kt (z,z,s), gk=9k(z,s), g k =g k (z,s) , etc. 



Collecting terms of equal type in (8.15), we obtain the following decoupled systems 
of differential equations, for k > 3, 



(8.21) 



2 9k = ^kO 



(z',z') 



If, ... z'\ 4- 2z n z n f? - N ' ' (auY.. = Fu , i i mnd Af,.,,, 
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and, in addition, 
(8.22) 



1 

PrIq + 2# 2 = F 20 



z') + 2z n z"f2 - i (z\ z') PR (fZ) w - { -^p-(g2) w = F 31 mod A/31 

i (z', z') ((/£)„, z') + 2t (z', z') z n &(K) w - { Ap-PR(7Z)w* + 

i lz' z') 2 

PrJI - \ (92) w i = F± 2 mod A/" 42 , 



(8.23) 

z , ,Jl)+ t -g 1 = F 10 
-i (z', z') (z', Ql) w ) + z') + 2z n z*f?+ 

PnJf - ^Y^(9i)w = F 21 modA/ 21 

i (z', z') {{f 2 U z) ~ {z\ + 

2i (z f , z') + WfZ ~ i (z', z') p R {Jf) w - 

% lz', z') 2 

^ (gi) w * = F 32 mod A" 32 

(8.24) 

-Im g = F 00 

2Re ((/{, z')) + 4Re (z n z n f£) - (z', z') Re (g ) w = F n mod Mi 
4 (*', z') Im (^^(/ n )») " 2Re (M/ 2 n )- 

2 (z', z') Im ({(f[) w , z')) + ^|^-Im (g ) w 2 = F 22 mod A/22 
(z', zf Re (((f[) w2 ,z')) - 2 (z', z'f Re {z n z*{f%) w .)- 

2 (z\ z') Im (m(f 2 ) w ) + { -^p-Re (<7o) w a = F33 mod A/33. 

To show that this system has a unique solution (/', f n , g) E Go, if Af is as defined by 
(1.1.25) and (1.1.26), we shall need the following facts. Let p(z, z) be a polynomial 
of type (a, b). A direct consequence of a theorem of E. Fischer [F] (see [S] and [ES]) 
is the following unique decomposition of any formal series F k i G Tki, 

(8.25) F ki = pG k -a,l-b + H ki , 
where G k - a ,i-b e Tk-a,l-b and H ki e Tu with 

(8.26) p(V,V)tf fc i = 0; 



here, we use the notation p(z, C) = p(<Z) 0- We shall also need the following lemma, 
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Lemma 8.27. Given polynomials p(z,z) and q(z,z) of type (a, b) and (c,d), re- 
spectively, any F k i E T k \ can be decomposed in a unique way as follows 

(8-28) F kl = pGl_ a>l _ b + qG 2 k _ cJ _ d + H kl , 

where G\_ al _ b E Fk-a,i-b> G\_ c l _ d E Fk-c,i-d, and H H E Tu with 

(8.29) g(V, V)H M = 0, p(V, V)H kl E Im S; 

here, S is the operator defined by Su = — p(V, V)(qu). Moreover, any pair 

(G k _ al _ b ,H kl ) E T k - a ,i-b x Fki 

such that (8.29) holds can occur in such a decomposition (8.28). 

Now, the system (8.21-8.24) is very similar to the system (9.2.2-9.2.5) in [El]. 
To show that there is a unique solution (/', / n , g) E Go, if A/" is as defined by (1.1.25) 
and (1.1.26), we proceed more or less exactly as in [El] and use the decompositions 
given by (8.25) and Lemma 8.27. We leave the verification to the reader. This 
completes the proof of Lemma 8.14 and hence that of Theorem 1.1.28. □ 
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